In cone uniform and uniform spaces, we introduce the three kinds of dissipative set-valued dynamic systems with generalized pseudodistances and not necessarily lower semicontinuous entropies, we study the convergence of dynamic processes and generalized sequences of iterations of these dissipative dynamic systems, and we establish conditions guaranteeing the existence of periodic points and endpoints of these dissipative dynamic systems and the convergence to these periodic points and endpoints of dynamic processes and generalized sequences of iterations of these dissipative dynamic systems. The paper includes examples.
Introduction
A set-valued dynamic system is defined as a pair X, T , where X is a certain space and T is a set-valued map T : X → 2 X ; in particular, a set-valued dynamic system includes the usual dynamic system where T is a single-valued map. Here 2 X denotes the family of all nonempty subsets of a space X.
Let X, T be a dynamic system. By Fix T , Per T , and End T we denote the sets of all fixed points, periodic points, and endpoints of T , respectively, that is, Fix T {w ∈ X : w ∈ T w }, Per T {w ∈ X : w ∈ T q w for some q ∈ N} and End T {w ∈ X : {w} T w }. For each x ∈ X, a sequence w m : m ∈ {0} ∪ N such that ∀ m∈{0}∪N {w m 1 ∈ T w m }, w 0 x, 1.1 iv The set-valued dynamic system X, T is called a cone closed set-valued dynamic system in X if whenever w m : m ∈ N is a sequence in X P-converging to w ∈ X and v m : m ∈ N is a sequence P-converging to v ∈ X such that v m ∈ T w m for all m ∈ N, then v ∈ T w .
v Let X, P be a P-sequentially complete cone uniform space. For an arbitrary subset E of X, the cone closure of E, denoted by cl E , is defined as the set cl E {w ∈ X : ∃ w m :m∈N ⊂E ∀ α∈A ∀ c∈L,0 H c ∃ n 0 ∈N ∀ m∈N;n 0 m {p α w m , w H c}}. The subset E of X is said to be a cone closed subset in X if cl E E.
The cone H is normal if a real number M > 0 exists such that for each a, b ∈ H, 0 H a H b implies a M b . The number M satisfying the above is called the normal constant of H.
The following holds. c Each P-convergent sequence is a P-Cauchy sequence.
Definition 2.4. Let L be an ordered normed space with normal solid cone H and let X, P be a cone uniform space with cone H.
i The family J {J α : X × X → L, α ∈ A} is said to be a J-family of cone pseudodistances on X J-family on X, for short if the following three conditions hold: ii Let the family J {J α : X × X → L, α ∈ A} be a J-family on X. We say that a sequence w m : m ∈ N in X is a J-Cauchy sequence in X if 2.3 holds.
For other families of cone pseudodistances in cone uniform spaces and various applications, see 22, 23 . The following is a consequence of Definition 2.4 i . Now we introduce the following three kinds of dissipative set-valued dynamic systems with generalized pseudodistances in cone uniform spaces conditions ii -iv below .
Definition 2.6. Let X, P be a Hausdorff cone uniform space and let X, T be a set-valued dynamic system. Let J {J α : X × X → L, α ∈ A} be a J-family on X and let Ω {ω α : X → L, α ∈ A} be a family of maps such that
2.6
i We say that a sequence w m : m ∈ {0} ∪ N in X is J,Ω -admissible if
ii If the following conditions are satisfied:
C1 ∅ / X 0 ⊂ X; and C2 x ∈ X 0 if and only if there exists a J, Ω -admissible dynamic process w m : m ∈ {0} ∪ N starting at w 0 x of the system X, T , then we say that T is weak J, Ω; X 0 -dissipative on X
iii We say that T is J, Ω -dissipative on X if, for each x ∈ X, each dynamic process w m : m ∈ {0} ∪ N starting at w 0 x of the system X, T is J, Ω -admissible.
iv We say that T is strictly J, Ω -dissipative on X if, for each x ∈ X, each generalized sequence of iterations w m : m ∈ {0} ∪ N starting at w 0 x of the system X, T is J, Ω -admissible.
If one of the conditions ii -iv holds, then we say that X, T is a dissipative set-valued dynamic system with respect to J, Ω dissipative set-valued dynamic system, for short .
Remark 2.7.
It is worth noticing that if a sequence w m : m ∈ {0}∪N in X is J, Ω -admissible, then, for each k ∈ N, a sequence w m k : m ∈ {0} ∪ N is J, Ω -admissible. Consequently, if T is weak J, Ω; X 0 -dissipative on X, x ∈ X 0 , and w m : m ∈ {0} ∪ N is a dynamic process starting at w 0 x of the system X, T which is J, Ω -admissible, then ∀ m∈N {w m ∈ X 0 }; in general, T X 0 / X 0 see Example 7.3 . Now we can give the following conclusion.
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where, for each x ∈ X 0 ,
T is a set-valued dynamic system where, for each x ∈ X,
c If T is strictly J,Ω -dissipative on X, then X,S J;T is a set-valued dynamic system where, for each x ∈ X,
Proof. The fact that 
for each x ∈ X and for each dynamic process w m :
c If T is strictly J,Ω -dissipative on X, then, for each x ∈ X and for each generalized sequence of iterations w m : m ∈ {0} ∪ N ∈ S J T, x , there exists w ∈ X such that w m : m ∈ {0} ∪ N is P-convergent to w. If, in addition, the map T q is cone closed in X for some q ∈ N, then, for each x ∈ X, there exists a generalized sequence of iterations w m : m ∈ {0}∪N ∈ S J T, x and w ∈ X such that w m : m ∈ {0}∪N is P-convergent to w and w ∈ T q w .
Proof. The proof will be broken into three steps.
Step 1. Let i x ∈ X 0 and w m : m ∈ {0} ∪ N ∈ K J T, x ; or ii x ∈ X and w m : m ∈ {0} ∪ N ∈ W J T, x ∪ S J T, x . We show that w m : m ∈ {0} ∪ N is J-Cauchy and P-Cauchy, that is, Indeed, since L is transitive, by 2.9 , 2.11 , 2.13 , Definition 2.6 ii -iv and J1 , we get that ∀ α∈A ∀ m∈{0}∪N {ω α w m 1 H ω α w m }. According to 2.6 , for each α ∈ A, the sequence ω α w m : m ∈ {0} ∪ N is contained in H, bounded from below and, by the above, nonincreasing. Since H is a closed and regular cone, it follows that
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Let now α 0 ∈ A and ε 0 > 0 be arbitrary and fixed. By 3.3 ,
where M is a normal constant of H see Remark 2.11 . Furthermore, for n 0 < m n, using J1 , J2 , and 2. 
Also we can show that 3.2 holds. Indeed, by 3.1 , then we obtain
We obtain according to 3.1 , 3.6 , and J3 that
By 3.5 , from 3.7 it follows that
Next, if n 0 m < n, then n i 0 n 0 and m j 0 n 0 for some i 0 ∈ N and j 0 ∈ {0}∪N such
Step 2. Assertions a and b hold.
Indeed, let i x ∈ X 0 and w m : m ∈ {0} ∪ N ∈ K J T, x ; or ii x ∈ X and w m : m ∈ {0} ∪ N ∈ W J T, x .
Since
is a Hausdorff and sequentially complete cone space and 2.14 holds, therefore, by virtue of Step 1, Proposition 2.8 and Theorem 2.3 b and c , we claim that w m : m ∈ {0} ∪ N is a P-Cauchy sequence and there exists a unique w ∈ cl K J;T x or w ∈ cl W J;T x , respectively, where
0}. Now we see that if T q is cone closed for some q ∈ N, then the point w satisfies w ∈ T q w . Indeed, by 2.9 or 2.11 , we conclude that
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Since T q is cone closed in X and lim m → ∞ w m w, therefore, by 3.10 and Definition 2.2 iv , we get w ∈ T q w .
Step 3. Assertion c holds.
Indeed, if x ∈ X and w m : m ∈ {0} ∪ N ∈ S J T, x , then, by virtue of Step 1, Proposition 2.8 and Theorem 2.3 b and c , we claim that ∀ m∈{0}∪N {w m ∈ T m x ⊂ S J;T x ⊂ X}, w m : m ∈ {0} ∪ N is a P-Cauchy sequence, and there exists a unique w ∈ cl S J;T x such that the sequence w m : m ∈ {0} ∪ N P-converges to w.
If T q is cone closed in X for some q ∈ N, then, for each x ∈ X, by Remark 2.9 b and Step 2 part b , there exists a generalized sequence of iterations w m : m ∈ {0} ∪ N ∈ S J T, x ∩ W J T, x ⊂ S J T, x satisfying 3.9 and 3.10 and there exists w ∈ cl W J;T x ⊂ cl S J;T x ⊂ X such that w m : m ∈ {0} ∪ N is P-convergent to w and w ∈ T q w .
Dissipative Set-Valued Dynamic Systems with Generalized Pseudodistances in Uniform Spaces
Let X, D be a Hausdorff uniform space with uniformity defined by a saturated family D {d α : α ∈ A} of pseudometrics d α , α ∈ A, uniformly continuous on X 2 .
Definition 4.1. Let X, D be a Hausdorff uniform space. The family U {U α : X×X → 0, ∞ , α ∈ A} is said to be a U-family of generalized pseudodistances on X U-family, for short if the following two conditions hold:
U2 for any sequence w m : m ∈ N in X such that
Definition 4.2. Let X, D be a Hausdorff uniform space and let X, T be a set-valued dynamic system. Let the family U {U α : X × X → 0, ∞ , α ∈ A}be a U-family and let Γ {γ α : X → 0, ∞ , α ∈ A} be a family of maps.
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i We say that a sequence w m : m ∈ {0} ∪ N in X is U,Γ -admissible if
C1 ∅ / X 0 ⊂ X; C2 x ∈ X 0 if and only if there exists a U, Γ -admissible dynamic process w m : m ∈ {0} ∪ N starting at w 0 x of the system X, T , then we say that T is weak U, Γ; X 0 -dissipative on X.
iii We say that T is U, Γ -dissipative on X if, for each x ∈ X, each dynamic process w m : m ∈ {0} ∪ N starting at w 0 x of the system X, T is U, Γ -admissible.
iv We say that T is strictly U, Γ -dissipative on X if, for each x ∈ X, each generalized sequence of iterations w m : m ∈ {0} ∪ N starting at w 0 x of the system X, T is U, Γ -admissible.
If one of the conditions ii -iv holds, then we say that X, T is a dissipative set-valued dynamic system with respect to U, Γ dissipative set-valued dynamic system, for short .
Proposition 4.3. Let X, D be a Hausdorff uniform space and let X, T be a set-valued dynamic system.
where, for each
Periodic Point and Convergence Theorem for Weak
U, Γ; X 0 -Dissipative, U, Γ -Dissipative, and Strictly
U, Γ -Dissipative Set-Valued Dynamic Systems in Uniform Spaces
Let Λ, ≥ Λ denote a directed set whose elements will be indicated by the letters λ, η, μ. Let T : X → 2 Y where X and Y are topological spaces. The following are equivalent: a the map T is closed, that is, the graph of T is closed in X × X; b whenever w λ : λ ∈ Λ is a net converging to w and v λ : λ ∈ Λ is a net converging to v such that v λ ∈ T w λ for all λ ∈ Λ, then v ∈ T w . Recall that the graph of T is { x, y : x ∈ X, y ∈ T x }. ii We say that a sequence w m : m ∈ N in X converges in X, if there exists w ∈ X such that ∀ α∈A {lim m → ∞ d α w m , w 0}.
iii If every Cauchy sequence in X is convergent in X, then X, D is called a sequentially complete uniform space.
iv Let the family U {U α : X × X → 0, ∞ , α ∈ A} be a U-family on X. We say that a sequence w m : m ∈ N in X is a U-Cauchy sequence in X if ∀ α∈A {lim m → ∞ sup n>m U α w m , w n 0}.
Consequence of Theorem 3.1 is the following. 
Endpoint and Convergence Theorem for U,Γ -Dissipative and Strictly U, Γ -Dissipative Set-Valued Dynamic Systems in Uniform Spaces
We recall the following.
Definition 6.1. Let X, τ be a topological space and let X, T be a set-valued dynamic system. The map T is called lower semicontinuous at w ∈ X written: lsc at w ∈ X if and only if for any v ∈ T w and for any net w λ : λ ∈ Λ of elements w λ ∈ X, λ ∈ Λ, τ-converging to w, there exists a net v λ : λ ∈ Λ of elements v λ ∈ T w λ , λ ∈ Λ, τ-converging to v. The map T is called lsc on X if it is lsc at every point of w ∈ X.
The main result of this section is what follows. Proof. a 1 The proof of a 1 will be broken into six steps.
Theorem 6.2. Let X, D be a Hausdorff sequentially complete uniform space and let X, T be a setvalued dynamic system. Let the family U {U
Step 1. We show that ∀ α∈A ∀ x∈X ∀ y∈W U;T x {U α x, y γ α x − γ α y }. Step 2. We show that W U;T is U,Γ -dissipative on X.
If x ∈ X and w m : m ∈ {0} ∪ N is a dynamic process starting at w 0 x of the system X, W U;T , that is, ∀ m∈{0}∪N {w m 1 ∈ W U;T w m }, then, by Step 1,
Step 3. We show that
Step 2, W U;T is U,Γ -dissipative on X. Consequently,
where Step 5. Let
and let
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Then
Indeed, if α ∈ A and x ∈ X, then, by Step 1, we get Δ α W U;T x sup{U α x, t : t ∈ W U;T x } sup{γ α x − γ α t : t ∈ W U;T x } γ α x − ρ α;W U;T x .
Step 6. Let δ α E sup{d α y 1 , y 2 : y 1 , y 2 ∈ E}, E ∈ 2 X , α ∈ A. Then, for each x ∈ X, there exist a dynamic process w m : m ∈ {0} ∪ N ∈ W U W U;T , x and a unique w ∈ X such that
Indeed, first, let us observe that since T is U,Γ -dissipative on X and ∀ x∈X {x ∈ W U;T x } i.e., ∀ x∈X {W U;T x / ∅} , thus there exists
Now let x ∈ X and α 0 ∈ A be arbitrary and fixed. Defining w 0 x, since T is U,Γ -dissipative on X and w 0 ∈ W U;T w 0 , by 6.2 , we have that
Therefore, by 6.12 and 6. Moreover, by 6.14 and 6.16 , for arbitrary and fixed m ∈ N, we have that
Next, by 6.19 , we have
Therefore, 6.20 and 6.18 imply 6.7 . Using 6.7 and analogous argument as in Step 1 of the proof of Theorem 3.1, we obtain 6.8 . Indeed, from 6.7 , ∀ α∈A ∀ ε>0 ∃ n 1 ∈N ∀ m>n 1 {sup{U α w m , w n : n > m} < ε} and, in particular, 
6.21
Therefore, if α 0 ∈ A and ε 0 > 0 are arbitrary and fixed, n 0 max{n 2 , n 3 } 1 and k, l ∈ N be arbitrary and fixed and such that k > l > n 0 , then k i 0 n 0 and l j 0 n 0 for some i 0 , j 0 ∈ N such that i 0 > j 0 and we get
The proof of 6.8 is complete. By 6.8 , there exists a unique w ∈ X such that 6.9 holds. Now we prove 6. Finally, let us observe that X is sequentially complete and Hausdorff, inclusions 6.16 imply that the sequence of sets {W U;T w m } has the property of finite intersections and that the properties 6.9 , 6.10 , and 6.14 hold. Consequently, 6.11 holds. a 2 From Proposition 4.3 b , Step 2 of the proof of a 1 , we conclude that
and if the sequence w m : m ∈ {0} ∪ N is such as in Step 6 of the proof of a 1 , then, since, for each x ∈ X, the set W U;T x is closed, using 6.11 and 6.22 , we conclude that T w
w is an endpoint of T . a 3 Let x ∈ X be arbitrary and fixed and let the sequence w m : m ∈ {0} ∪ N ∈ W U W U;T , x be such as in Step 6 of the proof of a 1 . Then
Indeed, let m 0 ∈ N be arbitrary and fixed. We prove that, if u ∈ cl W U;T w m 0 and if y ∈ T u is arbitrary and fixed, then y ∈ cl W U;T w m 0 . With the aim of this, we consider two cases. Step 7. The map S U;T is strictly U,Γ -dissipative on X.
Indeed, since
On the other hand, by assumption that T is strictly U,Γ -dissipative on X, we have that if x ∈ X is arbitrary and fixed and a generalized sequence of iterations w m : m ∈ {0} ∪ N is such that w 0 x and Step 8. We show that ∀ x∈X {S U T, x ⊂ S U S U;T , x }. Step 10. We have Step 11. We have ∀ α∈A ∀ x∈X {Δ α S U;T x γ α x − α;S U;T x } where ∀ α∈A ∀ x∈X {Δ α S U;T x sup{U α x, t : t ∈ S U;T x } and ∀ α∈A ∀ x∈X { α;S U;T x inf{γ α t : t ∈ S U;T x }}.
This is a consequence of the Step 10, U1 , and U2 .
Step 12. For each x ∈ X, there exist a generalized sequence of iterations w m : m ∈ {0} ∪ N ∈ S U S U;T , x and a unique w ∈ X such that This can be obtained by an analogous argument as in Step 6, using Steps 7-11. b 2 We show that wis an endpoint of T . 
Examples, Remarks, and Comparisons of Our Results with the Well-Known Ones
In this section we present some examples illustrating the concepts introduced so far. In Examples 7.1 and 7.2 we construct J-families and U-families, respectively.
Example 7.1. Let L be an ordered normed space with cone H ⊂ L, let the family P {p α : X × X → L, α ∈ A} be a P-family, and let X, P be a Hausdorff cone uniform space with cone H.
A The family P is a J-family. B Let both X and H contain at least two different points and let H be normal with a normal constant M. Let S 1 {v, w}, v / w, be a subset of X and, for each α ∈ A, let c α , e α ∈ H be such that c α H e α H 0 and
Let J {J α : X × X → L : α ∈ A} be a family where, for each α ∈ A, J α is defined by the formula
x, y ∈ X. We show that the family J is a J-family on X.
Of course, condition J1 holds. Now, we show that condition J2 holds. Indeed, let x, y, z ∈ X be arbitrary and fixed. Next assume that the sequences {w m } and {v m } in X satisfy 2.3 and 2.4 . Then, in particular, from 2.4 we conclude that
Hence, by 7.3 , A The family D is a U-family.
B Let X contain at least two different points. Let S 2 ⊂ X, containing at least two different points, be arbitrary and fixed and let {c α } α∈A satisfy ∀ α∈A {δ α S 2 < c α }. Let U {U α : X × X → 0, ∞ , α ∈ A} be a family where, for each α ∈ A, U α is defined by the formula We show that the family U is a U-family on X. Indeed, we see that condition U1 does not hold only if there exist some α ∈ A and x, y, z ∈ X such that U α x, z c α , U α x, y d α x, y , U α y, z d α y, z , and d α x, y d α y, z < c α . However, then we conclude that there exists v ∈ {x, z} such that v / ∈ S 2 and x, y, z ∈ S 2 , which is impossible. Therefore, ∀ α∈A ∀ x,y,z∈X {U α x, z U α x, y U α y, z }, that is, condition U1 holds. The result is that the sequences {w m } and {v m } satisfy 4.3 . Therefore, condition U2 holds.
The following example illustrates Theorem 3.1 a in cone metric space.
, be a real normed space, let H be a regular solid cone of the form H { x, y ∈ L : x, y 0} and let X,P be a cone metric space see 27 with a cone H where X 0, 1 ⊂ R, P {p}, and p : X × X → L is a cone metric of the form p x, y |x − y|, 2|x − y| , x, y ∈ X. Let T : X → 2 X be defined by 
7.11
We note that for q 1, the map T q is closed in X.
Let S 1 {1/2, 1} and let J : X × X → L be of the form 
7.13
Of course, ∀ x∈X {0 H ω x } and ω is not lsc on X.
